It is known that the analyses of complex structures can be affected by a great uncertainties and approximations. The paper schedules these approximations in three groups: numerical errors, modelling errors and human errors. After a brief discussion of these approximations, the paper put in evidence the importance to planning the numerical analysis of complex structures using different models, various structural codes and different people. The author put in evidence that the planning of the analysis means to build a model of the numerical models, so this process can be called as meta-modelling approach. The paper shows a simple application of the meta-modelling on the structural analysis of the long suspension bridge in order to increase the reliability of the results.
Introduction
This paper deals with the numerical analysis of long suspension bridges. It is wellknow that the behaviour of these types of structures is very complex [1, 2, 3] . From the numerical point of view, the nonlinear behaviour of the cable system must be considered in order to obtain an adequate reproduction of the mechanical behaviour. Clearly, different modern commercial codes are able to consider the mechanical nonlinearities, however the analysis and the design of these structures remains a complex problem. In fact, the importance of the structure demands many detailed analyses in order to obtain an adequate degree of reliability.
Unfortunately, the uncertainties involved in the mechanical behaviour can have a great influence on the numerical response, making ineffective the analyses performed.
Different sources of uncertainties are present in complex structures design: the mechanical and geometrical properties, the material laws, the human reasoning, etc. Often, these uncertainties are intrinsically present in the problem, and the unique way to handle these approximations is a proper planning of the numerical simulations.
Nowadays, the cost of the simulations has decreased dramatically. This allows the engineering teams to study the impact of the several hypotheses involved in the computational analyses. This kind of study covers a great importance in the analysis and design of complex and important structures.
The real things and the numerical models
As a map, the numerical models are representation of the reality. Naturally, a representation does not include every information present in the reality, so the numerical models are always simplified visions of the real problem [4, 5] . The simplification process is necessary because an analyst does not have the ability and the capacity to handle all the information present in the reality. In other word, the numerical models are always built in presence of uncertainties.
The uncertainties involved in the structural problem make the definition of the numerical model a complex procedure [6] . In a generic structure, there are different forms of uncertainties, for example:
• the real behaviour of the materials is not known and it is reproduced through mathematical formulations based on simplified hypotheses (linear elastic material, plastic, etc.). These hypotheses can result more or less accurate;
• often, the structural shapes are not easily tractable. In suspension bridges, the parabolic shape of the main cables can be approximate with a succession of straight truss elements. So, this is an abstraction from the real geometry;
• at last, also the loads cannot be described with certainty. The entities of the loads are chosen from the specifications or using specialist studies. However, it is clear that an exhaustive analysis on the all the possible load configurations that will load the structure in its life is not possible.
In a long suspension bridge analysis, these uncertainties are increased by the intrinsic complexity of the study. In fact, to investigate the complete bridge behaviour, the analysts have to consider:
• the problem nonlinearities. In long suspension bridges, the principal nonlinearity is the geometrical nonlinearity. However, also the material nonlinearity and the contact nonlinearity can become important for specific studies or in local zones of the bridge;
• the interactions. In order to reproduce the complete behaviour of the bridge, several types of interactions have to be considered. The most important can be identified in soil-structure, wind-structure and vehicle-structure interaction. The interaction analyses are very expensive in terms of time and computational resources. For this reason, often these analyses are based on simplified models whose hypotheses must be verifies.
In the complex structures analyses, the approximations are not unusual. With the purpose to organize in groups the various approximations (or errors), one can define the following three classes of approximations sources:
• numerical errors or approximations;
• modelling errors or approximations;
• human errors or approximations.
The following three paragraphs will briefly explain the characteristics of every class.
Numerical errors or approximations
There are different sources of numerical errors in the computational mechanics. It is knows that the numerical models of structures are based on mathematical simplified theories, like the beam theory or the plate theory. In addition, there are many finite element formulations for the plate or the beam elements so, often, different structural codes work with different mathematical theories. For this reason, different structural codes will give different solutions to the same problem. One can identify with the term of numerical error these differences.
In literature [7, 8] it is underlined the importance to test a structural code with simple benchmarks to reach a suitable degree of confidence in the results and to understand the potentialities of the structural codes. Figure 1 represents a simple benchmark to test the shell elements. It is important to analyze a known problem or a problem resolvable in analytical way, in order to have a robust reference solution. The cylinder of Figure 1 , was tested with three commercial structural codes and in the right of the Figure 1 , the results in the loaded zone are plotted. The continuous line is the reference solution, evaluated with the elasticity theory. It is important to note that the differences in terms of longitudinal moments are relevant. This information is essential in order to build a proper model of more complex structures.
In literature [7, 8] there are simple benchmarks to test every type of finite elements. However, often it is difficult to generalize the results obtained on the elementary problem to a complex structure. The unique way to govern the numerical errors introduced by the structural codes is to develop different models using different codes.
Clearly, this is an expensive approach; however, different models are necessary also to govern the modelling and the human approximations. A simple benchmark for shell element. The structural codes used are: ALGOR, LUSAS, SAP2000 (in alphabetical order).
The redundancies of the solutions facilitate to debug of the numerical models and improve the robustness of the analyses. Figure 2 shows the numerical models developed with five different commercial codes (LUSAS, SAP2000, ANSYS, ADINA, ALGOR [9] ) in order to analyze the behaviour of a very extreme long suspension bridge. As explicated in the other parts of this work, it is very important to use refined mathematical theories combined with more less accurate models. For example, considering the geometrical nonlinearity, it is interesting to compare the solution provided from ANSYS or ADINA (using the Total or the Update Lagrangian Formulation) with the solution provided from the SAP2000 model (using a simplified P-∆ method).
Modelling errors or approximations
As said before, the numerical representation is not the reality [4, 5] . Usually, one adopts a sequence of hypotheses during the construction of the numerical representation. These hypotheses influence the accuracy of the numerical response.
One considers, for example, the deck of a suspension bridge. The behaviour of this substructure can be described with a series of beam elements, or using shells or solids elements. Clearly, passing from the beam model to shell model, one has a notable increment of information available from the numerical model. One can conclude that the various type of model can result more or less concrete according to the quantity of information that is possible to extract from its. Therefore, the shell model is a more concrete representation than the beam model [10] .
A second aspect about the numerical model concerns the extension of the models. A numerical model can represent the whole structure or only a part of it, according to the purpose that the numerical analyst wants to reach. For example, if one is interested to a local behaviour of a part of the structure, one can build a partial (not complete) model [10] . 
Completeness
Often the computational resources are limited. In this case, the choice of a partial model is forced in reason to increase the concreteness of the model. In addition, a complete and, at the same time, concrete model can be not suitable. In fact, from a great model derive a great quantity of information and probably, many of this information are unessential respect to design problem. The great quantity of useless information increases the possibility of human errors, amplify the loss of precision and expand the times of calculation. Therefore, it is preferable, in the study of complex structures, to adopt various models, with different degree of concreteness and completeness according to the purpose desired ( Figure 3 ).
Human errors or approximations
Maybe, the role of human errors was underrated in the FEA literature. Many books explain the numerical errors and its influence on the results, some books face the argument of the modelling errors but the human errors are not almost ever considered. However, an error of interpretation can invalidate the whole analysis at the same way of a modelling error or a numerical error.
The human mind is a very complex system: it is well known that the human mind is more complex than the faster computer but, unfortunately, it is also less reliable [11] . However, the networks of human minds, as generic working teams, are more complex systems using partial information, slow velocity, not reliable reasoning, etc. For these reasons, in an important numerical analysis team, the weak point of the analysis chain is often the human factor.
Many human errors can happen during the normal arguments. In the field of philosophy, some researchers are analyzed and scheduled many logical fallacies [12, 13] . It is interesting to notice that many of these errors can be generalized to the numerical analyses. In the following pages, one reports some of the logical fallacies applied to the numerical problems:
• False Dilemma: two choices are given when in fact there are more options.
Structural analyses are performed using approximate theories; therefore, the results will be more or less accurate. Often, does not exist the dichotomic division in correct or wrong result but a different degree of reliability.
• From Ignorance: because something is not known to be true, it is assumed to be false. The behaviour of complex structures could be of not easy explanation. It is not correct to conclude that there is an error in the analysis only since there is some not comprehensible behaviour. To have hurry of not believe to a result or to have hurry to believe to a result are similar errors: "To doubt everything, or, to believe everything, are two equally convenient solutions; both dispense with the necessity of reflection" [14] .
• Appeal to Force: the reader is persuaded to agree by force. Some times, the numerical analyst believes to the reliability of an analysis because one has used a fine discretization, modern theories or expensive structural codes. Clearly, these aspects would not have to be assumed like reliability indicators.
The reliability of a numerical analysis must have put in evidence comparing the results obtained with the result derived from other methods and models.
• Appeal to Consequences: the author points to the disagreeable consequences of holding a particular belief in order to show that this belief is false. This type of error can happen unconsciously in the mind of whichever numerical analyst. If the analyst knows the important consequences of its results, he could notice only the whished results without noticing the negative aspects of his analyses.
• Style Over Substance: The manner in which an argument (or arguer) is presented is taken to affect the likelihood that the conclusion is true. This type of error can be present on different levels. For example, the numerical analyst can convince other people by a good oratorical, but also the numerical analyst can be tricked from the numerical code. It is interesting to analyze this second aspect. The results of a numerical analysis can be represented in several ways. The modern structural codes have enormous graphical potentialities, so the results of the numerical analysis are often reproduced in beautiful graphical screens. The beauty of an image can trick the not expert analyst. In fact, he will judge the reliability of the result from the graphical representation and not from the numerical results or from its physical significance. It is important to notice that several commercial codes use an average stress when the results are plotted in the graphical screen. Clearly, this operation makes the results nicer to watch but it hides important information about the convergence of the discretization. An example of this type of error is represented in Figure 4 where the stress contour is plotted with and without the use of the average stress. The numerical problem models a square membrane subjected to a concentrated force in its top side: it is important to note the perceptive difference between the left and the right figure.
• Subverted Support: the phenomenon being explained doesn't exist. For the numerical analyst, it is very important to find an explanation for its results. This operation forces the analyst to try a physical sense to the performed analyses and improve his degree of confidence. However, the results are often of not easy explanation especially in nonlinear analysis. In these cases is high the risk to base the explanation on not real phenomena or on phenomena that the numerical model is not able to reproduce.
• The Manipulated Proof: the explanation of the phenomenon is based on a prejudgment. Commonly, the numerical analyst tries to anticipate the results of the analyses with reasoning. It is important to find a physical explanation for the results obtained, however an anticipated explanation generate prejudgments in the mind of the analyst and this could be influence the subsequent interpretation of the results. One has to remember a teaching of Sherlock Holmes: "It is a capital mistake to theorize before one has data. Insensibly one begins to twist facts to suit theories, instead of theories to suit facts" [15] .
The numerical model of the structure and its numerical exploration
For the following examples and considerations about the errors on the numerical analyses, one will considers the structural model of a long suspension bridge like that reproduced in Figure 4 . This model was based on the preliminary project of the Messina Strait Bridge, all information about the geometry and the mechanical characteristics are available on the site [16] or, for a brief description, at [17] .
The project of the Messina Strait Bridge deals with an extremely long bridge. The main span is, in fact, 3300m and the tower heights reach the 380m. For these reasons, it is an important project and its behaviour must be carefully analyzed. The numerical model was developed using 3D finite elements, considering both the geometrical and the material nonlinearity. The geometrical nonlinearity is important to reproduce the proper behaviour of the cables while the material nonlinearity regards some particular devices that joint the bridge deck with the towers.
Global and concentrated nonlinearity are therefore presents in the numerical model. These nonlinearities play an essential role in the amplification or in the reduction of the input uncertainties on the structural response, as schematically show in Figure 6 . Considering the mechanical uncertainties, these can be amplified or reduced by the structural behaviour. As example, it is well known that, in a linear system:
if one makes a small perturbation on the vector b or on the matrix A, the vector of the solutions x will be also perturbed, therefore one can write:
(a small perturbation on the matrix A)
In both cases, one can derive a superior limit of the perturbation on the results vector ∆x. If one uses the symbol to indicate an opportune matrix or vector norm, it is possible to write:
Where the matrix product
is usually named conditioning number of the matrix A. If the matrix A possesses a high conditioning number, the uncertainties on the definition of the problem will be amplified on the solution. However, it is not common that a structural code evaluate the conditioning number. In fact, the previous theoretical derivations are not directly applicable to the real problems because a proper evaluation of the conditioning number is time expensive and in nonlinear problem the matrix A and the vector b could change in every step of the analysis, so the conditioning number should be evaluated several times.
To understand the importance of the uncertainties and to govern the different approximations, a model exploration must be performed. To explore the numerical behaviour of the model, different types of explorations can be developed. A model exploration can be performed respect to the mechanical uncertainties or, for example, respect to the modelling approximations. In this work, a model exploration respect to the mechanical uncertainties was developed.
Several types of finite elements having different mechanical properties compose the numerical model of the bridge. In order to investigate the influence of the mechanical uncertainties, the mechanical properties of these elements was modified increasing and decreasing their values of 10%. Some structural displacements on these modified models were investigated. In particular, they are:
• the longitudinal displacement at the end of the bridge deck;
• the vertical displacement at the middle of the bridge deck;
• the transversal displacement at the middle of the bridge deck.
For each displacement a coefficient CV was evaluated as: 
where, S is the displacement value in the original model, S +10% and S -10% are the displacement values in the modified models. In this manner the coefficient CV represent the amplification or the reduction of the uncertainties on the model output.
On the analyzed bridge, the numerical model was build using nine types of finite elements with different mechanical properties. For every type of element, it is possible to evaluate the coefficient CV related to the three assumed output displacements. The data in Table 1 , summarize this investigation. It easy to note the great influence related to the mechanical properties of the main cable. Table 1 : Coefficient CV for the uncertainties related to the mechanical properties of the elements.
In complex structures, if many output parameters are investigated, the Table 1 can be very large. To merge the uncertainties in relation to its influence on the output parameters, a cluster analysis can be performed [8] . In the example reported in this paper, a cluster analysis was developed using a Euclidean distance:
In Equation (6), x i and y i are two rows of the data matrix represented in Table 1 . Figure 7 shows the results of the cluster analysis in form of a tree diagram (dendrogram). Each row in Table 1 and in Figure 6 represents a case. Cases with high similarity are adjacent in Figure 7 while the lines indicate the degree of similarity or dissimilarity between cases. 
Main cables
From Table 1 The dendrogram reported in Figure 7 shows the big influence of the uncertainties related to the main cable respect to the others elements. This is emphasized from the length of the horizontal line in Figure 7 that represents the Euclidean distance among the cases studied. In decreasing order, the most influent uncertainties are related to the elements: 1) main cable; 2) hanging system 2° group; 3) tower arms; 4) roadway box section; 5) hanging system 3° group; 6) railway box section; 7) tower legs; 8) deck transverses; 9) hanging system 1° group.
It is interesting to note that, for the load case considered, the uncertainties related to the 2° group of the hanging system are more influent than the uncertainties related to the 1° and 3° group. However, it is correct to observe that, in general, the structural behaviour reduces the uncertainties on the response due to the initial mechanical uncertainties. Only the uncertainties related to the mechanical properties of the main cable are very influent on the structural behaviour so, great attention must be takes on the definition of these elements.
The previous paragraphs show the uncertainties present in the structural analysis and the methods to put its in evidence. Next paragraph deals with the possibility of govern the uncertainties using a proper simulation planning based on meta-model concept.
Meta-modelling approach
The term meta-model, derive from the informatics field where it is used to indicate a model that describes other models. In recent years, the term meta-model was used also in other fields. As example, Barton [18] , use simplified meta-models to improve the robustness of the design processes. Ruichen [19] apply the meta-modelling approach to improve the optimization methods in presence of some uncertain parameters. In these works, meta-models are more general models based on the interpolation functions to improve the velocity of the analyses. One can use a metamodel definition to planning the numerical analyses in order to improve the robustness of the results.
Decomposing the approximations problem in the three categories previously examined (human, modelling and numerical) one can build three different groups of numerical approximations: 1) the human reasoning group; 2) the modelling hypotheses group; 3) the numerical errors group.
For example, in the modelling hypotheses group, one can find different models with different degree of concreteness and completeness of the same problem. In this way, the model hypotheses group collects many different point of views of the structural problem in which at every point of view correspond a specific numerical model. This group represents a model of the modelling hypotheses, so it can identified with the name of meta-model (see Figure 7 ). Clearly, in a numerical analysis planning, different meta-models can be considered. One has introduced the meta-model of the modelling hypotheses, but one has also a meta-model for the numerical errors (a group with consider different structural codes) and a meta-model for the human reasoning (a group with consider different numerical analysts). Generally speaking, the ensemble of these groups, compose a model of the meta-models involved in the analysis, so one can identified this last group with the name of meta-meta-model (see Figure 8) .
A specific numerical analysis will select some different aspects present in the meta-models, to build many final numerical models of the problem. One considers a 3D model, with solid anchor block, etc.
One considers a 3D model, without anchor block , etc.
One considers a 3D model, with material nonlinearity , etc.
One considers a 2D model, with solid anchor block , etc.
One considers a 2D model, with solid anchor block and soil , etc.
... Figure 8 . These analysts will make reasoning based with his cultural background and, for example, he will use the second model approximation with the first structural code. Others analysts will find a solution of the same problem, but it is clear that a different people with use different model hypotheses and different structural codes will find also different solutions. Although different models give different results, the result comparison provide an important information about the numerical robustness and, therefore, about the reliability of the analyses. A remarkable difference among the results means that one or more approximations used during the analyses possess an important influence on the reproduction of the structural behaviour. Instead, a small difference on the results, improve the robustness of the analyses but does not mean necessarily that the results possess a high degree of accuracy. In fact, there is always the possibility that all the numerical models are affect from the same type of approximations regard a specific structural behaviour.
Meta-modelling approaches on the performance evaluation of a long suspension bridge
One considers the problem of the displacement evaluation of the bridge under railway, roadway and static wind loads. In particular, the analysis focuses his attention on the vertical and transversal displacements of the bridge deck. Figure 9 shows the geometry of one numerical model developed and the loads position considered. A complex structure, as long suspension bridge, forces the numerical analyst to make many choices. These, can be more or less approximate, according to the investigated variables.
Meta-meta-modeling (Numerical analyses planning)

Human reasoning
Modelling hypotheses Numerical hypotheses In a long suspension bridge analysis, a very important problem is the definition of the initial configuration of the bridge [17] . In fact, the numerical model is built in base to the reference configuration that the bridge has to possess when it is build.. Nevertheless, there is a substantial difference between the reality and the numerical model [5, 20] . In the reality, the weight of the structural and not structural 
∆S ∆S
Transversal wind load Roadway load Railway load elements loads the bridge during the construction phases, so the reference configuration is reached under the dead load. Instead, the numerical model is unload in the initial configuration and the dead load causes relevant and not realistic displacements of the bridge deck. The necessity to perform the analyses considering the dead load (for the geometrical stiffness) imposes the necessity to model the dead load in the reference configuration. Many hypotheses can be introduced to model this physical state of the bridge (see Figure 10 In this way, the deformed configuration (under dead load and the impressed displacements) results very near to the reference configuration in the middle of the bridge, but there are significant differences in the zones close the towers. The displacements dues to the traffic loads are valued deducing the dead load displacement at the total displacement (under dead, traffic and impressed loads). At this modelling, one has given the label "SI".
2) The second model developed to reproduce the reference configuration under dead load, is based on a modified initial configuration. This modified initial configuration was set to reproduce the reference configuration under dead load. Using this model, it is possible to achieve a modified initial configuration close to the reference configuration along the whole bridge deck. After a preliminary study, one determines an initial configuration with middle span sag equal to 81m. At this modelling, one has given the label "CF".
3) At last, a classical model was used. One can observe that the dead load does not cause displacements from the reference configuration because they are eliminated during the construction phase. However, the cable system in the reference configuration is deformed by the tension due to the dead load. Using an appropriate temperature variation on the cable system, it is possible to reproduce this initial deformation. Like the others methods, the optimal values of the temperature variation to assign at every cable is determined by an iterative procedure in order to obtain an initial configuration similar to the reference configuration. One has decided to load only the main cable with the temperature variation. The ∆T assigned are included between these values:
• ∆T on the main cable in the anchorage zone: ∆T = -300 °C;
• ∆T on the main cable in the middle of the bridge: ∆T = -170 °C;
In this way, the deformed configuration (under dead load and the impressed displacements) results very near to the reference configuration. At this third model, one has given the label "TE".
It is important to note that the introduced models possess different levels of accuracy. The SI model, for example, provides a good accuracy on the bridge deck but it is very poor for the displacement evaluation of the towers. However, the coexistence of models with different accuracy is suitable in a study of complex structures. Only through a comparison of the results, provided from the different models, it is possible to realize the importance of the hypotheses introduced and if there is the necessity to use more refined models. A modelling can be able to reproduce carefully one of the aspects of the problem but, at the same time, can be inadequate for others.
For the same purpose, different structural codes were used: SAP2000, LUSAS, ANSYS [9] . One note that also different numerical approaches were adopted: For example, LUSAS and ANSYS can work considering the geometrical nonlinearity with Total or Update Lagrangian Formulations while SAP2000 works using the simpler P-∆ approach. Therefore, the comparison provides also some indications on the importance of the nonlinear behaviour of the analyzed variables (vertical and transversal deck displacements) and the necessity to use refined numerical formulations to get an appreciable accuracy. Table 2 summarizes the models and the structural codes used, defining a label for every numerical study. Table 2 : Labels of the numerical models developed.
Structural code
Cleary, different models lead to different results, according to the particular solution method adopted and to the technique used to search the initial reference configuration. Figure 11 shows the vertical and the horizontal displacements of the bridge deck provided form the different models developed. From these diagrams, it is possible to note a good convergence of the results in terms of vertical displacement. The differences among the results remain in the order of the 5 -8%: an acceptable error in the analysis of a complex structure. Therefore, one can conclude that in the study of the vertical displacement of the deck, the structure is few sensible to the modelling and numerical hypotheses assumed.
On the other side, the structural behaviour seems more delicate in the transversal direction. In fact, the same models previously introduced give very different responses with a maximum dispersion around the 60%. In this case, simplified models are not effective for this performance evaluation of the bridge: as example, the models used in the seismic and wind analyses have to be developed with great attention if the performances investigated are related to the transversal displacements. 
Conclusions
This paper deal with the numerical analyses of complex structures as long suspension bridges. In particular, the attention is focused on the different types of errors and approximations involved in the numerical analyses. The paper schedules 
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Lusas SI SAP SI SAP TE Lusas CF Ansys TE these approximations in three groups: numerical, modelling and human. These approximations can influence the result of the analyses, so the numerical analyst has to have the tools to understand it. Important tools are the explorations of the model (or sensitive analyses) that can be performed in relation to the mechanical and to the modelling uncertainties. The paper shows the effectiveness of the model exploration coupled with a cluster analysis to improve the understanding of the numerical results.
To govern the uncertainties and the approximations involved in the complex structural analysis, a meta-modelling approach was developed. With a proper planning of the numerical analyses considering the numerical, modelling and human approximations, it is possible to understand if the introduced hypotheses are acceptable. The paper shows a meta-modelling approach on the displacement evaluation of the bridge deck under traffic and static wind loads. The results show as the hypotheses can provide an accurate evaluation for one variable (the vertical displacement) but a not accurate response for another variable (the transversal displacement).
Therefore, different types of numerical models and different people are always suitable in a complex structure analysis. A meta-model approach is still suitable to improve the results and to understand the importance of the approximation introduced in the numerical models.
